Abstract. For a free group F n ¼ hx 1 ; . . . ; x n i we investigate when a finite index subgroup of F n is generated by a set X of powers of conjugates of the generators x 1 ; . . . ; x n . For the braid group B n ¼ hs 1 ; . . . ; s nÀ1 i we similarly consider when a finite index subgroup is generated by a set of powers of Dehn twists, i.e., conjugates of the elements s 2 i . We indicate a connection of these problems with the theory of c-groups developed by Burnside, Schur and Wielandt.
Introduction
Let B n ¼ hs 1 ; . . . ; s nÀ1 js i s iþ1 s i ¼ s iþ1 s i s iþ1 ; i < n À 1; s i s j ¼ s j s i ; ji À jj d 2i; be the braid group on n strands (see [2] ) and let P n be the pure braid group, namely the kernel of the epimorphism p : B n ! S n , s i 7 ! ði; i þ 1Þ A S n . Then B n can be thought of as the mapping class group of the n-punctured disc D n with punctures p 1 ; . . . ; p n ; see [2] . With this way of thinking each B n -conjugate of any s 2 i is a Dehn twist about a simple closed curve in D n which contains two of the punctures p i and P n is the subgroup of B n generated by all such Dehn twists, this being the normal closure in B n of hs 2 1 i. In this paper we consider the following two problems: Problem F n . For a free group F n of rank n with fixed generating set X ¼ fx 1 ; . . . ; x n g, what conditions on a subgroup H c F n of finite index are necessary and su‰cient to guarantee that H is generated by a set X of conjugates of powers of the elements of X ? Problem B n . For the braid group B n , what conditions on a subgroup H c B n of finite index are necessary and su‰cient to guarantee that H is generated by a set D of Dehn twists?
In addition to these two problems we are also interested in methods for constructing such subgroups H c F n (respectively H c B n ) and sets X (respectively D), and in the problem of which groups can occur as composition factors of the finite group which is the permutation action of F n or B n on the cosets of such a subgroup H.
It is well known that braid groups are residually finite; see [10] . However finding interesting quotients still seems to be a challenging problem. In answering Problem B n we introduce techniques that allow for the construction of many such quotients.
The above two problems are not unrelated as there are well-known normal free subgroups of pure braid groups; this fact arises from the well-known short exact sequence 1 ! F nÀ1 ! P n ! P nÀ1 ! 1;
ð1:1Þ
where the epimorphism P n ! P nÀ1 can be thought of as filling in the puncture p n ; see [2] .
In [4] we investigated certain finite index subgroups of P n generated by Dehn twists.
In Section 1 we will show that the solution to Problem F n is determined by a class of groups that we call fat tree groups. Such groups will be shown to belong to the class of c-groups, which have been completely determined in [7] using the classification of finite simple groups.
In Section 3 we show that Problem B 3 is determined by finite index subgroups H of F 2 ¼ hx 1 ; x 2 i generated by powers of conjugates of x 1 , x 2 , x 1 x 2 .
Connection with c-groups
In order to explain our approach to these problems we need to recall the following concepts from finite group theory. If G H SymðAÞ is a permutation group, then G is regular if it is transitive and no non-trivial element of G has fixed points. A c-group is a finite permutation group which contains a regular cyclic subgroup. Burnside [3] was the first person to investigate c-groups. A classical result of Schur [12] shows that a primitive c-group either is 2-transitive or has prime degree. The classification of finite simple groups made it possible to characterize all such c-groups (see [7] and also [5] , [8] ). In the primitive case we have Theorem 1.1 (see [7] ). A primitive permutation group G of degree n contains a cyclic regular subgroup H if and only if we have one of the following:
(1) Z p G H c G c AGLð1; pÞ, where p is a prime; Here PGLðd; qÞ is the projective general linear group with coe‰cients in F q and PGLðd; qÞ is the group of projective semi-linear transformations; see [13, p. 281] . Also AGLð1; pÞ is the a‰ne group. The Singer subgroup is defined in [8, p. 728] .
The situation where the c-group G is not primitive is more complicated and is described in Section 4.
We now indicate why the above results on c-groups are relevant to our problem. Suppose that X H F n and the index m ¼ ½F n : hXi is finite. Let T ¼ TðhXiÞ ¼ ft i g i be a transversal for hXi in F n with t 1 ¼ 1, and let FðXÞ denote the functional digraph (or coset digraph) for the action of X ¼ fx 1 ; . . . ; x n g on the cosets hXit i of hXi in F n : thus FðXÞ has vertices corresponding to cosets hXit i and a directed edge from hXit i to hXit j if there is k c n such that hXit i x k ¼ hXit j . This directed edge will be labeled by x k .
For a fixed k c n the edges labeled by x k form a subgraph, each component of which is a cycle. Denote these cycles by c k; 1 ; . . . ; c k; n k . Let p : F n ! S m be the permutation representation of F n on the cosets of hXi. Then the cycles c i; j correspond to the cycles of the permutation pðx i Þ. Thus FðXÞ is completely determined by pðx 1 Þ; . . . ; pðx n Þ A S m . Now we define the graph GðXÞ; it will have two types of vertices: the cycles c i; j will be vertices and the vertices of FðXÞ will also be vertices (these we will usually denote by 1; 2; . . . ; m); there is an edge between c i; j and k A f1; . . . ; mg if k is in c i; j . There are no edges between the cycles c i; j and no edges between 1; . . . ; m.
We will call FðXÞ a fat forest if the graph GðXÞ is a forest and we will call FðXÞ a fat tree if the graph GðXÞ is a tree. We illustrate these ideas in the following: Example 1.2. Let n ¼ 2 and
Then ½F 2 : hXi ¼ 3 and the graph FðXÞ is shown in Figure 1 . The graph GðXÞ is a line graph with seven vertices.
The permutation representation F 2 ! S 3 is determined by x 1 7 ! ð2; 3Þ, x 2 7 ! ð1; 2Þ. For the Mathieu group M 11 we draw a graph FðXÞ in Figure 2 for some choice of X (a description of how to find X, given this diagram, is found in the proofs below); the corresponding permutations are pðx 1 Þ ¼ ð1; 10Þð2; 8Þð3; 11Þð5; 7Þ; pðx 2 Þ ¼ ð1; 6; 7; 4Þð2; 11; 9; 10Þ:
We have drawn Figures 1, 2 using a certain standard convention, which we now describe. Let G ¼ ha 1 ; a 2 ; . . . ; a n i c S m be a transitive subgroup and let G a 1 ; a 2 ;...; a n be the functional digraph for the action of G on f1; . . . ; mg. We embed the graph G a 1 ; a 2 ;...; a n into an orientable surface S a 1 ; a 2 ;...; a n by assigning the same rotation of the edge set at each vertex. Each vertex v of G a 1 ; a 2 ;...; a n is an end-point of 2n edges in G a 1 ; a 2 ;...; a n , these edges being labeled by a 1 ; a À1 1 ; a 2 ; a À1 2 ; . . . relative to v as shown in Figure 3 . See [1] for a discussion of this construction.
The graph FðXÞ has a natural base-point, namely hXi. Let c i; j be a choice of a cycle containing hXi; then we will let the vertex c i; j of GðXÞ be a base-point for GðXÞ and we denote it by b. Now if g is a closed path in FðXÞ based at hXi, then there is a corresponding closed path g in GðXÞ based at b: the path g can be considered uniquely as a union of paths g ¼ g 1 g 2 . . . g u , where u is minimal and each g i is a path in some c j i ; k i . Since u is minimal we have c j i ; k i 0 c j iþ1 ; k iþ1 and c j i ; k i V c j iþ1 ; k iþ1 is a single vertex. The path g in GðXÞ will be that determined by the sequence c j 1 ; k 1 ; c j 2 ; k 2 ; . . . ; c j u ; k u ; c j 1 ; k 1 . This is a closed path. Now in general any path in FðXÞ starting and ending at the vertex hXi corresponds to an element of hXi, and any element of hXi determines a unique closed path in FðXÞ starting at hXi. Lemma 1.3. Let Y H F n ¼ hX i be such that hYi has finite index in F n . Then the graph FðYÞ is a fat tree if and only if there is a set X of powers of conjugates of X such that hXi ¼ hYi.
Proof. ð(Þ If X is a set of powers of conjugates of X with hXi of finite index and hYi ¼ hXi, then the coset graph FðXÞ is equal to FðYÞ, and so we need only show that FðXÞ is a fat tree. Equivalently, we show that GðXÞ is a tree.
As we noted above, closed paths in FðXÞ starting at hXi correspond to elements of hXi. Now any path in FðXÞ corresponding to a conjugate wx q u w À1 A F n has a 'popsicle' shape: it starts at the vertex hXi, goes along w, then around one of the cycles c i; j (perhaps more than once), then returns by w À1 to hXi. This path then corresponds to a closed path in GðXÞ which starts at the vertex b, then goes out to the vertex c i; j (following w) and then returns (following w À1 ) to b; we call these latter paths in GðXÞ simple and note that they are homotopically trivial. Thus any composition of such conjugates corresponds to a path which is a concatenation of such simple paths and will also be homotopically trivial. Now let C be a cycle in GðXÞ based at b. Then we can lift C to a cycle C 0 in FðXÞ based at hXi. There are many choices for C 0 ; we just choose one. Since C starts and ends at b we see that C 0 can be chosen to start and end at hXi. Now C 0 corresponds to a word in hXi and so the projection of C 0 to GðXÞ is a concatenation of simple paths. This projection is just C, showing that C is homotopically trivial. This shows that GðXÞ is a tree.
ð)Þ Suppose now that FðXÞ is a fat tree. Then for every component c i; j of FðXÞ we let x i; j denote the word wx u i w À1 , where w corresponds to the unique (since GðXÞ is a tree) path from the vertex hXi of FðXÞ to the closest vertex of c i; j . Here the edges of c i; j are labeled x i and u is the number of edges in the component c i; j . It is clear that the set of all such elements x i; j is also a generating set for hYi. Taking X ¼ fx i; j g we have the result. r Let X H F n be a set of powers of conjugates of elements of X . Let p ¼ p X : F n ! SymðF n =hXiÞ be the action of the group F n on the cosets of hXi. Let m ¼ ½F n : hXi and identify SymðF n =hXiÞ with S m ; we will assume that m < y in what follows. Let G ¼ G X be the image of p and put m i ¼ pðx i Þ for i c n. Then we have (ii) The group G is a c-group where H ¼ hm 1 m 2 . . . m n i is a cyclic group of order m generated by the m-cycle m 1 m 2 . . . m n .
Proof.
(ii) will follow from (i), which we now prove. The proof of (i) will be by induction on the pairs ðn; kÞ with k; n d 1 (ordered lexicographically), the cases n ¼ 1, k d 1 being trivial. So first assume that n ¼ 2.
Let G m 1 ; m 2 be the subgraph of FðXÞ corresponding to the cycles in m 1 , m 2 and construct the genus zero surface S m 1 ; m 2 as described above. Choose a component C of the 1-skeleton of S m 1 ; m 2 and let C denote C together with all discs of S m 1 ; m 2 nC which correspond to the cycles of m 1 , m 2 , which move vertices in C. Then C H S m 1 ; m 2 . Because of the conventions regarding how the orientable surface S m 1 ; m 2 is drawn one easily sees that there is a cycle of m 1 m 2 which is obtained by reading the exterior boundary vertices of C in the counter-clockwise direction, where if one comes across a certain vertex twice, then one ignores it the second time. Doing this for each such component C proves the cases n ¼ 2, k d 1.
The general case now follows by writing m 1 m 2 . . . m n ¼ ðm 1 m 2 . . . m nÀ1 Þm n and applying the case when n ¼ 2 together with induction. r Thus if X is a set of conjugates of powers of the elements of X and if ½F n : hXi ¼ m < y, then FðXÞ is a fat tree graph and G is a c-group. Conversely, if we have a finite group G with generating set g 1 ; . . . ; g n which acts on a set with m elements such that the functional digraph G G ðfg 1 ; . . . ; g n gÞ is a fat tree graph, then the stabilizer in F n of a vertex of G is generated by a set of conjugates of powers of the elements of X .
Thus Problem F n has been solved and we can obtain many examples of sets X by drawing a fat tree graph and then writing down the corresponding set of conjugates of the generators as outlined above.
We sum some of this up in the following result which answers Problem F n : Theorem 1.5. If X is a set of powers of conjugates of elements of X and ½F n ; hXi is finite, then the image of the map F n ! SymðF n =hXiÞ is a c-group.
Let the image of the map F n ! SymðF n =hXiÞ be G, so that G is a c-group. When G is a primitive c-group, G is described by Theorem 1.1; in particular the simple groups that can occur as its composition factors are severely restricted by that result. If G is not primitive, then Theorem 4.1 gives a less precise description of G which also restricts the composition factors of G.
Although Theorems 1.5 and 4.1 restrict the possibilities for fat tree groups, the problem remains of determining exactly which groups are fat tree groups. We list some partial results in Section 2. In Section 3 we will address Problem B n ; we will show how the case n ¼ 3 determines a di¤erent class of groups that generalize fat tree groups with two generators.
Some examples of fat tree groups
As we will see later, not all of the groups described in Theorems 1.1 and 4.1 are fat tree groups. In this section we show that some of them are.
Lemma 2.1. For all n d 2 the symmetric group S n is a fat tree group. In particular each A n , n d 5, can occur in the composition factors of a fat tree group. If n is odd, then A n is a fat tree group. For all n > 2 the dihedral group D 2n is a fat tree group.
Proof. In each case we list the corresponding permutations pðx 1 Þ; pðx 2 Þ; . . . . For S n we have S n ¼ hð1; 2Þ; ð2; 3Þ; . . . ; ðn À 1; nÞi. (Figure 1 gives the picture for S 3 .) For A n , where n is odd, we have A n ¼ hð1; 2; 3Þ; ð3; 4; . . . ; nÞi. For D 2n we have the generators x ¼ ð1; 2Þð3; 4Þð5; 6Þ . . . ; y ¼ ð2; 3Þð4; 5Þð6; 7Þ . . . A S n . r Proof. The group PGLð2; 8Þ has the following permutation representation in S 9 which exhibits it as a fat tree group: hð1; 2Þð3; 9Þð4; 5Þð7; 8Þ; ð2; 4; 3Þð5; 7; 6Þi:
The group PSLð2; 11Þ has the following permutation representation in S 11 which exhibits it as a fat tree group: hð2; 10Þð3; 4Þð5; 11Þð6; 7Þ; ð1; 3; 2Þð4; 6; 5Þð7; 9; 8Þi: r Lemma 2.4. The following groups are fat tree groups:
PGLð3; 3Þ; PGLð3; 4Þ; PGLð2; 9Þ; PGLð4; 2Þ; PGLð5; 2Þ.
Proof. These five groups have respectively the following permutation representations, of degrees 13, 21, 10, 15 and 31 showing that they are fat tree groups:
hð3; 4Þð6; 10Þð8; 13Þð9; 12Þ; ð1; 6; 4Þð2; 12; 3Þð5; 7; 10Þð9; 11; 13Þi; hð4; 5Þð6; 9Þð8; 15Þð11; 12Þð14; 18Þð16; 17Þð19; 20Þ; ð1; 7; 2; 14Þð3; 16Þð4; 13; 18; 15Þð5; 17; 21; 6Þð9; 10; 11; 20Þi; hð3; 10Þð4; 6Þð7; 9Þ; ð1; 5; 2; 9Þð3; 8; 6; 7Þi; hð4; 15Þð7; 14Þð8; 10Þð12; 13Þ; ð1; 3; 5; 7Þð2; 4Þð6; 8; 12; 15Þð9; 11; 13; 14Þi; hð3; 20Þð5; 11Þð6; 12Þð8; 27Þð9; 24Þð10; 17Þð13; 21Þð14; 16Þð15; 25Þð18; 31Þ ð22; 26Þð23; 29Þ; ð1; 28; 25; 8Þð2; 5; 15; 24Þð3; 14Þð4; 6; 27; 10Þð7; 23Þ ð9; 31Þð11; 29Þð13; 30Þð17; 19Þð18; 20; 21; 26Þi: r Conjecture 2.5. For all n d 2 there are only finitely many subgroups H with GLðn; qÞ c H c PGLðn; qÞ for some prime power q that are fat tree groups.
Some of the groups listed in Theorem 1.1 cannot be fat tree groups: for example PGLð3; 5Þ and PGLð6; 2Þ (these example are checked using Magma [9] ).
The following is a consequence of Proposition 3.15:
Corollary 2.6. Let G be a fat tree group which is imprimitive and has a block system B 1 ; . . . ; B k . Then the action of G on the blocks gives a fat tree group H.
3 Subgroups of P 3 generated by powers of Dehn twists
In this section we choose the following presentation of P 3 (see [2] ):
y; z j ðxyz; xÞ; ðxyz; yÞ; ðxyz; zÞi; ð3:1Þ
Further, any Dehn twist in P 3 is either a conjugate of one of x G1 , y G1 , z G1 or is ðxyzÞ G1 (these latter being the Dehn twists about the bounding curve).
First we give an example which shows that if H is a finite index subgroup of P 3 which is generated by powers of Dehn twists, then H V F 2 is not necessarily generated by powers of Dehn twists in F 2 .
Example 3.1. Let H ¼ hx; x y ; y 2 ; z 2 i: Then H has index 4 in P 3 and yet H V hy; zi cannot be generated by powers of Dehn twists, since such powers would have to be even (because P=N ¼ Z 2 2 , where N is the normal closure of x, y 2 , z 2 ) and conjugates of even powers of y and z cannot generate a finite index subgroup of F 2 ¼ hy; zi (since h y; zj y 2 ; z 2 i is an infinite group).
Now it is clear from the presentation (3.1) that P 3 G Z Â F 2 , where Z ¼ hxyzi, F 2 ¼ h y; zi: Let p : P 3 ! P 3 =ZðP 3 Þ ¼ P 3 =hxyzi be the quotient map. Here we may identify P 3 =hxyzi with F 2 ¼ h y; zi, so that pðxÞ ¼ ðyzÞ À1 .
Lemma 3.2. Let D H P 3 be a set of powers of Dehn twists and assume that ðxyzÞ k A D for some k d 1. Then hDi is a finite index subgroup of P 3 if and only if hpðDÞi is a finite index subgroup of the free group F 2 ¼ h y; zi.
Proof. This is clear from the decomposition P 3 G Z Â F 2 . r Corollary 3.3. Finite index subgroups of P 3 generated by powers of Dehn twists correspond to pairs ðN; kÞ where k A N and N is a finite index subgroup of F 2 which is generated by powers of conjugates of y, z and yz.
Further, given a finite index subgroup N of F 2 ¼ h y; zi, the permutation action of F 2 on the cosets of N is isomorphic to the permutation action of P 3 on the cosets of the subgroup hN; xyzi.
Proof. Given a finite index subgroup H of P 3 there is a smallest k A N such that ðxyzÞ k A H; further, from the above, N ¼ pðHÞ is a finite index subgroup of F 2 generated by powers of conjugates of y, z and yz. This gives one direction of the correspondence.
Now suppose conversely that we have a pair ðk; NÞ as above. Let D be the set of generators of N, each of which is a power of a conjugate of y, z or yz. Let D 0 be the set of powers of conjugates of x, y, z whose elements are in one-to-one correspondence with the elements of D, where Then H has index 14 in F 2 and the action of y, z on the cosets of H gives the group hð1; 2; 6; 4Þð3; 9; 11; 10Þð5; 13; 8; 14Þ; ð1; 3; 6; 5Þð2; 7; 14; 8Þð4; 11; 9; 12Þi; which is isomorphic to PGLð2; 13Þ: Now following (i), (ii) and (iii) of the proof of Corollary 3.3 we define the following subgroup of P 3 , where the generators are conjugates of powers of x, y, z, xyz: Then H has index 12 in F and the action of y, z on the cosets of H gives the group hð1; 2; 6; 4Þð3; 7; 11; 9Þ; ð1; 3; 8; 5Þð4; 10; 12; 9Þi;
which is isomorphic to M 12 . As in Example 3.4 and Corollary 3.3 one can find a corresponding subgroup of P 3 that gives M 12 .
Proposition 3.6. Suppose that D H F 2 ¼ hx 1 ; x 2 i is a set of conjugates of powers of x 1 , x 2 , x 1 x 2 such that the index n ¼ ½F 2 : hDi is finite. Let G ¼ ha; bi c S n be the action of F 2 on the cosets of hDi, where a corresponds to x 1 and b corresponds to x 2 . Let S a; b be the surface defined above. Then the following assertions hold.
(i) G a; b is planar and S a; b is a sphere.
(ii) Every face of G a; b has boundary word which is a power of either a or b or ab. Conversely, any group with generators a 1 , a 2 satisfying (i)-(iv) determines a set D of conjugates of powers of x 1 , x 2 , x 1 x 2 such that ½F 2 : hDi < y.
Proof. Note that (ii), (iii) and (iv) follow from the definition of S a; b . We now prove (i). Choose 1 A G a; b H S a; b as a base-point. Now any element of D has the form wx
and so, by the above discussion, corresponds to a path in G x; y H S a; b of the form wa k w À1 , wb k w À1 or wðabÞ k w À1 . This path (and so this element) thus determines a face of S a; b . Note further that any such path is homotopically trivial in S a; b .
Conversely, for each face of S a; b we let w be a path in S a; b from 1 to a vertex k of that face. The face has boundary word a power of a, b, ab or ba (starting at k). Thus we obtain a word in F 2 of the form wx
. Let E H F 2 denote the set of words so obtained. Then ½F 2 : hDi ¼ ½F 2 : hEi ¼ n and the action of F 2 on the cosets of hEi is isomorphic to G. Now we show that S a; b is a sphere. Adding the faces to the graph G a; b creates an orientable surface whose fundamental group is obtained from hDi, the fundamental group of the graph, by imposing face relations, where each face contributes a single, well-defined conjugacy class of relators associated to one of the faces. Hence the fundamental group is trivial and the surface is a sphere. r
The above shows that finite index subgroups of the form hDi c P 3 , where D is a set of powers of Dehn twists, correspond to connected directed planar graphs satisfying (i)-(iv) and where each vertex v has valence four with edges labeled a, a À1 , b, b À1 incident at v. Such maps will be called ab-consistent. We note that twogenerator fat tree groups are ab-consistent. We now have an easy way to obtain finite index subgroups of P 3 generated by powers of Dehn twists: just draw such a diagram. In particular, the case where one of the generators has order 2 is natural to consider: Proposition 3.7. Let G H S n be a transitive subgroup generated by a; b A S n where a is an involution. Suppose that the functional digraph for G acting on f1; 2; . . . ; ng with the generators a, b is planar. We further assume that each cycle of a or b corresponds to a ( finite) face of this embedded planar graph. We also assume that such a planar embedding can be chosen to have the property that each such cycle of b is oriented the same way. Then there is a set E of powers of conjugates of x 1 , x 2 and x 1 x 2 such that the action of F 2 ¼ hx 1 ; x 2 i on the cosets of hEi is (permutation) isomorphic to G. Further there is a set D of powers of conjugates of x; y; z; xyz A P 3 such that the action of P 3 ¼ hx; y; zi on the cosets of hDi is isomorphic to G.
Proof. We first draw the functional digraph in the plane so that each cycle of a or b corresponds to a face and every cycle of b is oriented positively. We show how to change it so that it is ab-consistent. Then each face corresponding to a (a bi-gon or a monogon) can also be given a positive orientation: if we have such a face which is not positively oriented, then we flip it over by a flip which fixes the one or two vertices of the bi-gon or monogon. Now it is easy to check that the boundary of each finite face corresponds to a power of a or a power of b or a power of ab. Choosing 1 as a base-point we can now write down a set of elements wvw À1 , one for each such bounded face, where w, v are words in a, b and v is a power of one of a, b, ab. Converting these words into elements of F 2 in the natural way gives a set E of conjugates of x 1 , x 2 , x 1 x 2 which satisfy the requirements of the proposition. The last statement follows from Corollary 3.3. r
We note the result of [11] , which says that every non-abelian simple group can be generated by two elements, one of which is an involution. See also [14] .
Apart from alternating groups we have only been able to find a few simple groups that are composition factors of ab-consistent groups: The above gives a solution of Problem B 3 , since subgroups of B 3 generated by powers of Dehn twists are really subgroups of P 3 . We now consider the problem of finding interesting permutation representations of B n for n > 3.
We note (see (1.1)) that each F nÀ1 H P n is generated by certain Dehn twists: for i < j let
Since each A ij is a conjugate of s 2 i it is a Dehn twist. From [2, p. 20] we have F nÀ1 ¼ hA 1; n ; A 2; n ; . . . ; A nÀ1; n i; P nÀ1 ¼ hA ij j 1 c i < j < ni:
Thus in (1.1) each of F nÀ1 and P nÀ1 is generated by Dehn twists. From the solution to Problem F n we know how to find many finite index subgroups H of F nÀ1 generated by powers of Dehn twists and inductively we know how to obtain many examples of finite index subgroups K of P nÀ1 generated by powers of Dehn twists. Choosing such subgroups H, K we easily see that the subgroup hH; Ki has finite index. However there may some 'collapsing', so that we do not have
Such collapsing will occur if we do not have the following compatibility requirement:
ðyÞ: the action of P nÀ1 on F nÀ1 restricts to an action of hKi on hHi.
The following is proved using elementary group theory: 
Many groups of interest have two generators. For this case we have
Lemma 3.14. Suppose that G ¼ ha 1 ; a 2 i c S n is a transitive subgroup. Let a 1 have a j cycles of length j; let a 2 have b j cycles of length j and suppose that a 1 a 2 has g j cycles of length j c n. Define
Then G is an ab-consistent group if and only if v À e þ f ¼ 2.
Proof. Since G is a transitive subgroup of S n it follows that S a 1 ; 2 is a connected surface. Each face of S a 1 ; a 2 has a (cyclic) boundary word which is either a power of a 1 , a 2 or a 1 a 2 . Hence each cycle of a 1 , a 2 or a 1 a 2 determines a face of S a 1 ; a 2 . The number of vertices, edges and faces of S a 1 ; a 2 are easily seen to be v, e, f as defined in the lemma. Then (using Proposition 3.6) we see that G is ab-consistent if and only if the surface S a 1 ; a 2 is a sphere, and this is the case if and only if v À e þ f ¼ 2. r Proposition 3.15. (i) Let G be an ab-consistent group which is imprimitive and has a block system B 1 ; . . . ; B k . Then the action of G on the blocks gives an ab-consistent group H.
(ii) Let G be a fat tree group which is imprimitive and has a block system B 1 ; . . . ; B k . Then the action of G on the blocks gives a fat tree group H.
Proof. Let G be a fat tree group with fat tree generators for G being a 1 ; . . . ; a n , or let G be an ab-consistent group with generators a ¼ a 1 , b ¼ a 2 . Let G denote the functional digraph for G with these generators and let S G ¼ S a 1 ; ...; a n be the surface defined before Proposition 3.6. Any finite face F of S G has boundary word d which is a power a u i for some i c n (or in the ab-consistent case it could be a power of a 1 a 2 ). Suppose that a vertex w 1 of F is in block B. (In the ab-consistent case with d a power of a 1 a 2 we assume that w 1 is chosen so that a 1 a 2 ðw 1 Þ is also in the boundary of F .) Let F 0 be another face with boundary word a v i (or a power of a 1 a 2 in the ab-consistent case where d is a power of a 1 a 2 ) that contains a vertex w 2 A B (with a 1 a 2 ðw 2 Þ also in the boundary of F 0 , in the ab-consistent case). On the other hand each finite face F determines a generator a i such that the boundary word of the face is a power of a i and so we could equally write gcdðF Þ for the corresponding gcdða i ; BÞ. Now we deal with the situation where F is not a finite face. In the ab-consistent case we can treat this face as we did the finite faces, since its boundary word is a power of a 1 a 2 . In the fat tree case we note that the word q ¼ a 1 a 2 . . . a n is an m-cycle, where m is the degree of G. As in the case of a finite face, the action of q on the blocks determines a cyclic ordering of the blocks, which we may assume is B 1 ; . . . ; B k , so that qðB i Þ ¼ B iþ1 for indices mod k. In this case we put gcdða i ; F Þ ¼ ðB 1 ; . . . ; B k Þ u . Let G denote the permutation action of G on the blocks and let À : G ! G be the natural map. Let G ¼ G G denote the functional digraph for the action of G on the blocks with the generators a 1 ; a 2 ; . . . ; a n . We let S G and S G denote the surfaces that contain G G and G G (respectively). Then from Proposition 3.6 we see that S G is a sphere. We claim that S G is also a sphere. Proving this claim will conclude the proof of Proposition 3.15.
First note that each finite face of S G corresponds to a choice of a block B and a generator a i (or possibly a 1 a 2 in the ab-consistent case). Thus each such face is determined by some gcdða i ; BÞ and conversely, each gcdða i ; BÞ determines a face of S G .
We recall the definition of an orbifold (see [15, Chapter 13] ); we will only need this in dimension 2. Thus an orbifold is a closed surface S with a finite number of points p 1 ; . . . ; p n (called branch points) where the local structure at a point other than any of the points p i is the usual structure, but at each p i the local structure is modeled on R 2 =C, where C is a finite subgroup of the orthogonal group OðR 2 Þ (here p i corresponds to the point ð0; 0Þ A R 2 ). In fact in the cases of interest, C will always be a cyclic group, so that each p i is a cone point of order jCj.
We now show that there is an orientation-preserving orbifold cover S G ! S G . So let F be a face of S G and choose a vertex w 1 A B of F as in the above. Consider the fat tree group case first. Let p be the center of the face F and let r be the length of gcdða i ; BÞ. We think of F as a round disc centered at p and let C ¼ CðpÞ be the group generated by a rotation of order r centered at p. Let F denote the quotient of F by C, where we also equate F 1 , F 2 if the faces F 1 , F 2 satisfy gcdðF 1 Þ ¼ gcdðF 2 Þ. The union of all such quotients F will determine a surfaceS S and we have an orbifold cover S G !S S. Further, it is easy to see thatS S and S G are topologically homeomorphic (where we ignore the local structure of the branch points). Thus we now need to show thatS S is topologically a two-sphere.
Recall that the orbifold Euler characteristic of an orbifold polyhedral surface S is given by Here the sum is over all cells of the polyhedral surface, where these cells must include all of the branch points, and CðcÞ is the group at each such cell (the stabilizer of the cell Thus wðS G Þ > 0 and so wðS G Þ ¼ 2 as S G is an orientable surface. Therefore S G is a 2-sphere. r
Imprimitive c-groups
Here we give the description of imprimitive c-groups from [7, Theorem 1.2]. Let G be a transitive permutation group on the set W. Then an orbit of G acting on W Â W is called an orbital. Given such an orbital D there is defined a digraph whose vertex set is W and whose edges/arcs are determined by the pairs in D; such a digraph is called an orbital graph of G. An arc-disjoint union of orbital graphs is called a generalized orbital graph of G.
Let K n denote the complete graph with n vertices and let K n denote its complement, the graph with n vertices and no edges.
We now define the lexicographic product G½S of two digraphs G, with vertex set V , and S, with vertex set W ; see [6] . This is the digraph whose vertex set is V Â W and with an edge from ðv 1 ; w 1 Þ to ðv 2 ; w 2 Þ if and only if either v 1 v 2 is an edge of G, or v 1 ¼ v 2 and w 1 w 2 is an edge of D.
Assume that G is a digraph with vertex set W, where G c AutðGÞ. Now if N / G is an intransitive subgroup, then we denote by W N the N-orbits on W. We define the normal quotient G N of the digraph G induced by N to be the digraph with vertex set W N and where B; C A W N are adjacent if and only if there are u A B, v A C such that u and v are adjacent in G.
A group is called a normal c-group if it contains a normal regular cyclic group.
Theorem 4.1. Let G be a permutation group on a set W of degree n and assume that G contains a regular subgroup H. Then one of the following is true:
(1) G has a normal subgroup J ¼ J 1 Â J 2 Â Á Á Á Â J r with r d 1 such that H c J, and further (i) each J i is a 2-transitive c-group or a normal c-group of degree n i ; (ii) n ¼ n 1 n 2 . . . n r where the integers n i are pairwise coprime.
(2) G has a normal subgroup N such that each connected generalized orbital graph of G contains a subgraph G which is an orbital graph of G and is of the form G ¼ G N ½K b , where b ¼ jN V Hj.
